We present spin-wave dispersion in Sm(Fe 1−x Co x ) 12 calculated based on firstprinciples. Anisotropy in the lowest branch of the spin-wave dispersion around the Γ point is discussed. Spin-waves propagate more easily along a * -axis than along c * -axis, especially in SmFe 12 . We also compare values of the spin-wave stiffness with those obtained from an experiment. The calculated values are in good agreement with the experimental values.
Introduction
Magnetic properties at finite temperatures are important in applications of hard magnets, and ab initio modeling for spins has become one of the standard techniques today. The spin-wave dispersion can be derived from such a model. It offers intuitive description of magnetic collective modes, which is important in understanding finite temperature properties. It is also possible to compare the dispersion directly with that obtained by experiments.
Magnetic compounds with the ThMn 12 structure have regained attention since their potential as the main phase in a hard magnet was reevaluated by a first-principles study [1] and experimental works [2, 3] 12 has favorable magnetic properties, including the spontaneous magnetization of 1.78 T at room temperature [4] .
In this paper, we present spin-wave dispersion in Sm(Fe 1−x Co x ) 12 calculated based on first-principles for x = 0 and 0.2. Because there is no experiment clarifying its spin-wave dispersion to the best of our knowledge, we compare values of the spin-wave stiffness with those obtained from the experiment by Hirayama et al. [4] We also discuss anisotropy in the lowest branch around the Γ point: spin-waves propagate more easily along a-axis than along c-axis especially in SmFe 12 .
Methods
We use the Korringa-Kohn-Rostoker Green function method for solving the Kohn-Sham equation of density functional theory [5, 6] . The exchangecorrelation functional is approximated within the local density approximation [6] . The f-orbitals at the Sm site are treated as a trivalent open core with the spin-configuration limited by Hund's rule, and the self-interaction correction is applied to the orbitals. The spin-orbit coupling is disregarded in the calculation except that the effect is implicitly taken into account in the spin-configuration of the f-electrons. We assume the Fe and Co atoms randomly occupy the 8f, 8i and 8j site in the ThMn 12 structure [Space group: I4/mmm (#139); see also Figure 1 ] and their site preference is disregarded. In the calculation of spin-wave dispersion, we treat the randomness with the virtual crystal approximation (VCA). However, for the the other part of the calculation, namely, the magnetization and the Curie temperature, we use the coherent potential approximation (CPA), which is more sophisticated than VCA concerning the randomness. To compare the CPA results with that of VCA, we calculate the magnetization and the Curie temperature also within VCA. The reason why we do not use CPA in the calculation of the spin-wave dispersion is addressed later in this section. The experimental lattice constant a and c given in Ref.
[4] are used in those calculations. We use the calculated values of the inner parameters for SmFe 12 given in Ref. [7] .
The magnetic coupling is calculated using Liechtenstein's formula [8] . In formalism, we use those values as J µ,ν i,j in the following classical Heisenberg Hamiltonian:
(1) where e µ i is a unit vector that is in the direction of the magnetic moment at the µth site in the ith unit cell.
In calculation of spin-waves, we consider small fluctuation of e from the alignment in the ground state, e GS,µ i . We assume that e GS,µ i is parallel or antiparallel to the z-direction. Elementary excitations of spin-waves e
1 and u µ z ( q) 0 are assumed for the x-, y-and z-component, respectively. We summarized derivation of J ( q) in Appendix A without considering an equation of motion. We refer readers to Ref. [9] for its relation to the dynamics.
In Liechtenstein's formula, spin-rotational perturbations at the i and j site are considered, and the excitation energy is interpret as intersite magnetic interaction J µ,ν i,j [8] . The formula consists of the perturbation of the local potentials and the scattering path operator. The scattering path operator can be obtained from the Green's function of the Kohn-Sham system, which is usually obtained as a function in the reciprocal space. While the spinrotational perturbation can be formally transformed into the reciprocal space (because it is Kronecker-delta-like), it is difficult to transform the scattering path operator into the real space without loss of precision. Therefore, it is advantageous to construct J ( q) in the reciprocal space. Pajda et al has also pointed out that this type of direct calculation is possible [10] .
Based on the Fourier transformed Liechtenstein's formula, we have developed a method for obtaining the ω-q dispersion directly in the reciprocal space that is combined with the KKR method for this study. In the present calculation, 16 × 16 × 16 q-points in the Brillouin zone are considered. As a post-process, we interpolate quantities for arbitrary q vectors using the values on the q-mesh as follows. We first construct a Fourier series that reproduces all the values on the mesh. This includes, however, terms with high frequencies that cannot be accurately determined with the q-mesh. We truncate all these terms (low-pass filtering), and add a constant so that the quantity at the Γ point becomes identical to the original one.
The reason why we use VCA instead of CPA in the calculation of spinwave dispersion is the following. Liechtenstein's formula (with CPA) gives J that also depends on the two elements at the ends. We can use those J's to construct the Heisenberg model with a random configuration of elements with the justification described in [11] . Then, we have to consider the sample average for the spin-wave dispersion. It needs too large a supercell to take the average directly when J is long-ranged. Although application of CPA to the Heisenberg model was proposed in [11] to overcome this difficulty, the expected resource consumption is still too high for the systems we considered. It is because the calculation needs a fine mesh in the Brillouin zone in order to obtain spin-wave dispersion around the Γ point, which is of particular interest here. On this ground, we abandoned using J that depends on the atomic species. In order to obtain such averaged J, VCA would be enough.
Results and discussion
We first present our results for magnetization within VCA and CPA, and compare them with the experimental values in Ref. [4] . Figure 2 shows the values of the magnetization as functions of x (the Co concentration). The contribution from f-electrons at Sm sites are included in those values assuming that the f-electrons have magnetic moment of g J J(J + 1) = 0.85µ B , which adds approximately 0.05 T to the magnetization. The theoretical prediction reasonably agrees with the experimental values with the underestimation of 0.15 T at worst. In a previous first-principles study using a PAW-GGA method (which consider the spin-orbit coupling only in the spin-configuration at the Sm sites as in our calculation), magnetization of SmFe 12 was evaluated as 1.83 T [12] , which is not much different from the present value. The deviation from the experiment is partly attributed to orbital moments. When we considered the spin-orbit coupling at the Fe sites, the gain was 0.03 T in SmFe 12 .
The experimental observation that the Co introduction reduces the magnetization at low temperature is theoretically understandable. It has already been discussed that the optimal percentage of substitution of Co can significantly depend on how the host system has a room for improvement in the magnetic moment [13] . In the case of SmFe 12 , the Co substitution can slightly enhance the ferromagnetism due to hybridization between Fe and Co, however, this does not overcome the expansion of the volume. This reduction is well reproduced by the CPA calculation.
As for validity of VCA, it is adequate in the sense that the deviations of the values from CPA are within a few percent. We should note, however, that the tendency as a function of x is opposite. In VCA, the enhancement of the ferromagnetism with increasing x is exaggerated by totally forgetting the inhomogeneity caused by the randomness. In both cases, the mean-field approximation is used. Figure 3 shows values of the calculated Curie temperatures as functions of x within VCA and CPA. In both cases, we use the mean-field approximation (MFA) as described in Ref. [14] . Those Curie temperatures (T C ) are overestimated due to the use of MFA, however, it reproduces relative change of T C with respect to x in experiments (see also our previous study [14] ). Figure  4 compares the numerical results with the experimental Curie temperature [4] . Results of linear regression are also shown in the figure. The relative change of T C is reproduced well in CPA, which can be seen from the value of the gradient (1.09) being close to 1. In VCA, the tendency toward ferromagnetism is again excessive, however, the values of the Curie temperature is significantly correlated with the experimental values. We therefore expect that VCA also offers informative description of Sm(Fe 1−x Co x ) 12 .
We then present our results for the spin-wave dispersion. i,j are kept unchanged (see also Appendix C). Therefore, the smallness of D a must be attributed to the anisotropic distribution of J µ,ν i,j , which would be closely related to the structure of the network of the transition atoms. As for Sm(Fe 0.8 Co 0.2 ) 12 , the curvatures become more isotropic due to the enhancement of the exchange interaction.
The calculated value of the curvatures from the dispersion are shown in Table 1 . Those are determined by fitting of a quadratic function to the data points within a 0.2 × The values of D a and D c can be converted to the exchange stiffness, A. We here consider the following macroscopic Hamiltonian for magnetization M and the magnetic coupling: where
T , Ω denote the domain, and A is a 3 × 3 constant tensor that is real, symmetric and positive definite. We also assume that the absolute value of the magnetization, | M |, is constant through the space. Our Hamiltonian is identical to that used by Belashchenko [15] except for the surface term with a partial integration.
Let us consider A = diag[A x , A x , A z ] for the Sm(Fe 1−x Co x ) 12 systems. Following discussion in Ref. [16] , one can derive the approximate relation, 
In the same manner we derived D = (D 2 a D c ) 1/3 , exchange-stiffness A can be related to A x and A z as follows:
For a general A this relation becomes A = (λ 1 λ 2 λ 3 ) 1/3 , where λ's are the eigenvalues of A.
The calculated values of A, A x and A z for Sm(Fe 1−x Co x ) 12 are shown in Table 2 . The anisotropy in the spin-wave stiffness directly leads to anisotropy in the exchange stiffness because the relation D a /D c = A x /A z holds due to eq. (3). Toga et al. [17] has recently reported the values of the exchange stiffness at finite temperatures in their Monte Carlo simulation for Nd 2 Fe 14 B, which is also an Fe-rich rare-earth compound. Though they did not present the value at zero temperature, the order of the exchange stiffness seem to agree with our results for SmFe 12 .
Conclusion
We presented calculation of the spin-wave dispersion in SmFe 12 and Sm(Fe 0.8 Co 0.2 ) 12 , and discussed how the introduction of Co enhances the exchange interaction. Our calculation predicted anisotropy in the curvatures of the lowest branch around the Γ point in SmFe 12 and weakening of the anisotropy when Co is introduced into the system. We also calculated the spin-wave stiffness of the systems, which values are in good agreement with the experimental values by Hirayama et al 
We here retain the second order terms of δx and δy because the excitation energy is the second order of the fluctuations. It can easily be seen that this vector has an absolute value of 1 within the second order approximation. Then, the Hamiltonian of eq. (1) becomes
where E GS is the energy of the ground state, and δα is either δx or δy indexed by α in the first summation symbol. This expression can be rewritten with the Fourier transform of δα and J, δα
, into the following form:
because δα µ i is real. Therefore, we can obtain elementary excitations in the Hamiltonian by diagonalizing the matrix ofJ µ,ν ( q) =J µ,ν ( q)−δ µ,ν ιJ µ,ι ( 0).
Appendix B. Spin-wave stiffness in bcc Fe, hcp Co, fcc Co and fcc Ni
In this section, we show values of the spin-wave stiffness calculated for bcc Fe, hcp Co, fcc Co and fcc Ni.
We used calculated values of the lattice constants of a = 2.837Å for bcc Fe, a = 2.494Å, c = 4.042Å for hcp Co, a = 3.530Å for fcc Co, and a = 3.525Å for fcc Ni, which are obtained by using a PAW-GGA method [18] . The spin-wave stiffness are determined by fitting of a quadratic function to the data points within a 0.2 × 2π a radius (bcc, hcp) or a 0.3 × 2π a radius (fcc) of the Γ point. Table B .3 compares our values with previous theoretical values [10] and experimental values. Our results are in good agreement with the experimental values except for Ni, for which the Heisenberg model would not be very appropriate. They are also quite similar to the previous theoretical values, however, we could not resolve the large deviation in fcc Co. [10] and experimental values [19, 20, 21] . The values are in the unit of meVÅ 2 .
Note that the Fourier transform with respect to the lattice after the operation of T (for which we put a prime) must be distinguished from that with respect to the original lattice. Therefore, the approximate relation in the cubic systemhω ≈ D( q [3] Yusuke Hirayama, Takashi Miyake, and Kazuhiro Hono. Rare-earth lean hard magnet compound NdFe 12 N. JOM, 67(6):1344-1349, 2015.
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